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NATIONAL mRONAUTICS AND SPACE ADMINISTRATION 

TECHNICAL NOTE D-261 

ONE-DIMENSIONAL ANALYSIS OF ION ROCKETS 

By Harold R. Kaufman 

SUMMARY 

A one-dimensional analysis w a s  made of  space-charge e f f ec t s  i n  ion 
and electron accelerators  and the  problems associated with mixing beams 
from such accelerators.  The r e s u l t s  of t h e  analysis w e r e  examined t o  
determine some of t he  major design problems and performance l imitat ions 
of ion rockets . 

Heavy ions were found t o  be par t icu lar ly  desirable f o r  high current 
densi ty  when ion-accelerator lengths are l imited by manufacturing to l e r -  
ances ra ther  than d i e l ec t r i c  strength. The accelerate-decelerate prin- 
c ip l e  a l so  helps t o  o f f se t  t h e  e f f ec t  of minimum electrode spacing on 
ion current density. 
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The s i m i l a r  geometrical design of e lectron and ion accelerators  

leads t o  excessive electron ve loc i t ies  or e x i t  areas, or both, probably 
even when the  accelerate-decelerate principle i s  u t i l i z e d  for t he  elec- 
t ron  accelerator.  Excessive electron ve loc i t ies  cause only par t  of t he  
electron current t o  go downstream when neutral izat ion i s  attempted. 
High electron ve loc i t ies  can be uti l ized, however, i f  t h e  t o t a l  e lectron 
current i s  large enough t h a t  the  electron current transmitted is  su f f i -  
c ien t  t o  neutral ize  the  ion beam. 

The high-electron-velocity mixed-beam solutions are accompanied by 
upstream electron currents; therefore, t he  ion accelerator must be able  
t o  withstand electrons bombarding t h e  exi t .  
p r inc ip le  is a lso  useful fo r  preventing harm t o  the  ion accelerator  due 
t o  t h i s  e lectron bombardment, because the electrons w i l l  be unable t o  
pass through t h e  f i e l d  between the  accelerating and decelerating 
electrodes t o  reach the  ion source. 

The accelerate-decelerate 

INTRODUCTION 

The concept of e l e c t r i c a l  space propulsion i s  not new. The accepted 
i n i t i a l  reference f o r  the  concept i s  reference 1, a book by Oberth pub- 
l i shed  i n  1929. Subsequent technical  advances i n  e l e c t r i c  powerplants 
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spurred fur ther  study of e l e c t r i c a l  propulsion as shown i n  references 2 
and 3. For example, nuclear-electr ic  powerplant weights of the  order of e 

10 pounds per kilowatt  appear feasible. As shown in  reference 3, elec- 
t r i c a l  propulsion with such a powerplant has the  po ten t i a l  of  transport-  
ing large payloads i n  space with gross weights a t  least as small as those 
of any competitive system. 

The overa l l  program f o r  t h e  invest igat ion of t h e  ion th rus t  unit, or 
ion rocket, a t  t he  NASA L e w i s  Research Center i s  presented in reference 
4. A derivation of the  thrust equation and application t o  a one- 
dimensional ion rocket with g r id  neut ra l iza t ion  is  presented in refer- 
ence 5. 

This report  i s  l imited t o  a one-dimensional analysis  of space-charge 
e f fec ts  i n  ion and electron accelerators  and t h e  problems associated with 
mixing beams from such accelerators.  
examined t o  determine some of the  major design problems and performance 
l imitat ions of ion rockets. 
i s  l imited t o  those designs which approximate one-dimensionality, t he  
qua l i ta t ive  results are expected t o  be applicable t o  more general  design 
configurations. 

The r e s u l t s  of t he  analysis  a re  

Although accurate application of t he  r e s u l t s  
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SYMBOLS 

atomic weight per e lectronic  charge 

poten t ia l  gradient o r  e l e c t r i c  f ie ld ,  volts/meter 

mean e l e c t r i c  f i e ld ,  volts/meter 

thrust ,  newtons, (kilogram) (meter )/see 2 

2 dimensional constant, 9.807 meters/sec 

spec i f ic  impulse, sec 

current (posi t ive f o r  pos i t ive  pa r t i c l e s  and negative f o r  nega- 
t i v e  par t ic les ) ,  amp 

f o r  negative par t ic les ) ,  a m ~ l m e t e r 2  
current densi ty  (posi t ive f o r  pos i t ive  pa r t i c l e s  and negative 

Boltzmann constant, 1. 380x10-23 joules/(OK) (molecule) 

pa r t i c l e  mass,  kilograms 

mass-flow rate, kilograms/sec 

J 
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n number density, meter-3 

t o t a l  number of pa r t i c l e s  per cubic meter, meter -3 

. 

n number rate, see’’ 

q charge, coulombs 

S cross-sectional area, meters 2 

T temperature, OK 

v potential ,  vo l t s  

V‘ par t i c l e  thermal potential ,  vol ts  

Q mean thermal poten t ia l  (potent ia l  of  p a r t i c l e  a t  - v), vo l t s  

v pa r t i c l e  velocity, meters/sec 

v ’  

V 

X distance, meters 

p a r t i c l e  thermal velocity, meters f sec 

most probable ve loc i ty  of Maxwellian dis t r ibut ion,  meters/sec - 

dimensional constant, 8. 855X10-l2 €0 

h wavelength, meters 

charge density, coulombs/meter 3 % 
Subs c r  i p t  s : 

indices 
c, d 

av average 

E s t a t ion  E, zero-electr ic-f ie ld  plane 

e e m i t  t ed 

eq equivalent (equivalent electron po ten t i a l  gives e lectron ve loc i ty  
equal t o  ion veloci ty)  
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i dea l  ( i dea l  t h rus t  assumes immediate neutral izat ion a t  e x i t  of 
ion accelerator)  

minimum 

s t a t ion  N, neu t ra l iza t ion  plane 

reference s t a t ion  for measuring poten t ia l  difference 

transmitted 

t o t a l  

s t a t ion  1, p a r t i c l e  source 

s t a t ion  2, acceleration electrode 

s t a t ion  3, deceleration electrode 

ion 

electron 

ANALYSIS 

An ion rocket has accelerators  f o r  both posi t ive and negative pa r t i -  
c les .  A schematic diagram of an accelerator  i s  shown i n  sketch (a): 

I 

Stat ion 1 2 3 
(4 

. Stat ion The Dlane of Dart ic le  emission is  designated s t a t ion  i s  an 

Since the  decelerating po ten t i a l  
acceierating ;electrode. 
and i s  designated s t a t ion  3 when used. 
difference i s  always less than t h e  accelerat ing poten t ia l  difference, t h e  
charged pa r t i c l e s  can escape from the  accelerator.  
f ie ld ,  when it is found at  some plane other than one of t he  s t a t ions  

A decelerating electrode w i l l  of ten be of use 

A zero e l e c t r i c  
0 



noted, i s  re fer red  t o  as s t a t ion  1E o r  2E, depending on what s t a t ion  it 
follows. 
by t h e  var iable  x. The distance between s t a t ions  1 and 2 i s  therefore 
x2 - xl. 
similar manner  by 

The distance i n  the  direction of pa r t i c l e  motion i s  measured 

The poten t ia l  difference between t w o  s ta t ions  is  given i n  a 

V3 - V2. 

The requirement of  one-dimensionality i s  m e t  by having constant- 
area beams with conditions uniform on each plane normal t o  the direct ion 
of motion and t h e  motion r e s t r i c t e d  t o  one direction. These requirements 
may be m e t  i n  pract ice  by using pa ra l l e l  screens f o r  electrodes and 
having t h e  beam width large compared t o  t h e  distance between stations,  or 
it might be m e t  by using a narrow beam with contoured electrodes outside 
the  beam such as suggested by Pierce. The electrodes w e r e  a l so  assumed 
t o  be good shields  so t h a t  t he  space charge on one s ide of an electrode 
would not a f f ec t  a charged pa r t i c l e  on the  other side. 

Since equal magnitudes of negative and posi t ive bean currents are 
necessary, both forms of accelerators are used i n  a complete ion rocket. 
The posi t ive pa r t i c l e s  are assumed t o  be ions, while t he  negative ones 
are assumed t o  be electrons.  
electrons, but  t he  added complexity (and weight) of another ion source 
makes t h i s  solution undesirable. 

Negative ions could be used i n  place of 

Several arrangements of e lectron and ion accelerators  might be used. 
An ar ray  of small electron and ion accelerators might be used i n  the  same 
plane, as shown in  sketch (b): 

I 

I I  
Station 3 N 

The electron beams would spread in to  the  ion beams so  t h a t  neut ra l  beams 
are ef fec t ive ly  obtained a t  the  neutral izat ion plane, s t a t i o n  N, which 
i s  the  distance xN - x3 downstream of t h e  accelerator  exits. The 
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configuration of  sketch (b) may depart considerably from the  one- 
dimensional neutral izat ion plane; i n  which case only approximate agree- 
ment with analysis would be expected. Another configuration t h a t  might 
f i t  the one-dimensional requirement i s  t h e  s ingle-uni t  ion rocket shown 
i n  sketch (c):  

D 

Stat ion 3 N 

The region between s t a t ion  3 and s t a t i o n  N may cause subs tan t ia l  
deceleration of  t h e  ions and therefore  might be subst i tuted f o r  t h e  
deceleration region between s t a t ions  2 and 3. The exi t  of t he  accelera- 
t o r  i n  e i ther  sketch (b) or ( e )  would then be s t a t i o n  2. 

It should be apparent t h a t  a large number of component arrangements 
A deceleration region may be desired on e i the r  t he  ion or are possible. 

electron accelerator, but not on the  other accelerator; and t h e  decelera- 
t i o n  region maybe inside an accelerator or outside. Some means of elim- 
inat ing t h e  unpromising configurations is obviously of interest. To 
car ry  t h i s  elimination a l l  t h e  way down t o  "one bes t  design," however, 
would be premature a t  present. 

The approach i n  t h i s  report  i s  more modest. The component regions 
common t o  a l l  configurations are considered one a t  a time: t h e  accelera- 
t i o n  region (s ta t ions  1 t o  Z), t h e  in t e rna l  deceleration region (s ta t ions  
2 t o  3), the  ex terna l  deceleration region (from the  accelerator  exit t o  
the  electron-injection or neut ra l iza t ion  plane, s t a t i o n  N), and f i n a l l y  
a mixed electron-ion beam region downstream of s t a t ion  N. 
dimensional space-charge e f f e c t s  in each of these regions are examined 
with regard t o  overa l l  ion-rocket performance and problems. Thus, t he  
general results are i n  t e r m s  of a f e w  overa l l  design pr inc ip les  and 
l i m i t s .  
t h e  many possible configurations, but t h e  number of configurations re- 
maining w i l l  be su f f i c i en t  t o  of fe r  ample challenge f o r  fur ther  work 
in t h e  field.  

"he one- 

ETese pr inciples  and limits can be used t o  eliminate some of 

c 
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The space-charge e f f ec t s  i n  each o f  t he  regions are found by solving 
Poisson's equation i n  one dimension, which is  

i n  the  units of t he  rat ional ized mks system. 
can be expressed i n  t e i -ms  of current density j and ve loc i ty  v fo r  
t he  case of uniform ve loc i ty  a t  each station: 

The charge density pq 

The ve loc i ty  can i n  turn be obtained from energy considerations: 

v = n/Z(vr - v ) ( a / m >  ( 3 )  

w i t h  the po ten t i a l  difference 
zero when t h e  difference i s  zero. 

Vr - V measured so t h a t  t he  ve loc i ty  i s  

Subst i tut ing equations (2)  and (3) i n t o  (l), 

Equation (4), then, i s  one form of Poisson's equation used i n  t h i s  report. 

For problems dealing with both posit ive and negative par t ic les ,  the  
charge densi ty  of equation (1) can be evaluated as a sum of the  posi t ive 
and negative charge density. Using equations (2 )  and (3 ) ,  Poisson's 
equation f o r  t h i s  case becomes 

If a d is t r ibu t ion  of p a r t i c l e  veloci t ies  i s  involved, integrat ion w i l l  be 
required t o  calculate  t h e  charge density: 

This form of Poisson's equation w i l l  be  discussed in 
sect ion on Maxwellian distribution. 

( 6  

more de ta i l  i n  the 
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Acceleration Region 

The usual ion-acceleration region between s t a t ions  1 and 2 has the  
boundary condition of zero i n i t i a l v e l o c i t y .  
can be applied i n  an approximate fashion t o  s t a t ions  1 and 2 i n  an elec- 
t ron  accelerator, although t h e  thermal motion w i l l  be found important 
f o r  electrons. Using t h e  equations f o r  the  acceleration region, t he  per- 
formance of accelerators  without any decelerating electrodes and the  need 
f o r  an accelerate-decelerate system can be shown. 

The same boundary condition 

Child’s law. - Space-charge-limited current with zero i n i t i a l  veloc- 
i t y  gives the  boundary conditions at s t a t ion  1 of 

v = o  

Integrating equation (4) from V 1  t o  V2 and from x i  t o  x2 with 
these boundary conditions y ie lds  the  solut ion 

This solution w a s  f i r s t  obtained by Child i n  1 9 1 1  (ref.  6 )  and i s  usual ly  
associated with h i s  name. 

Making a subs t i tu t ion  of 

8 = ,  4€0 & 
t o  simplify the  symbols i n  equation ( 7 ) ,  

The constants i n  equation (3) and (9) were evaluated i n  mks un i t s  and 
a re  tabulated aE follows : 

Quantity 

m 
P 

Electrons I Ions 1 
5. 932XL05i 1. 389XLO4/fi 
2.334Xl0-6i 5. 467>(10’8//\/zi- 
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U 
I 
3 > 

where A i s  the atomic weight per electronic charge, or simply the 
atomic weight f o r  s ingly ionized ions, and i is the square root of -1 
(resu l t ing  from the negative charge of electrons).  

Thrust and mean e l e c t r i c  f ie ld .  - The idea l  t h rus t  (the th rus t  tha t  
would be obtained w i t h  neutral izat ion immediately downstream of the 
accelerator)  can be r e l a t ed  d i r ec t ly  t o  the poten t ia l  gradient i n  the 
accelerator.  The ideal thrus t  per unit beam area i s  

The mass flow per un i t  area is  

m m 
S 9 
- =  j -  

Subst i tut ing equation (11) in to  (lo), 

Subst i tut ing the ve loc i ty  and current-density expressions (eqs. (3) and 
(7 ) )  i n to  (12) gives 

Noting that the mean e l e c t r i c  f i e l d  
equation (13) may be rewrit ten 

i s  equal t o  (V1 - V2)/(x2 - xl), 

Finally, evaluating the constants i n  mks units, 
- 12-2 

Fi/S = 7.871XL.O E newtons/meter2 0 5 )  

Thus, the idea l  t h rus t  per u n i t  beam area can be considered a function 
of the mean e l e c t r i c  f i e l d  and independent of pa r t i c l e  ve loc i ty  or  
charge-to-mass r a t io .  The maximum e l e c t r i c  f i e l d  is, of  course, greater  
than the mean value, but  the f a c t o r  i s  only 4/3 f o r  t he  idea l  one- 
dimensional case considered. 

Prac t ica l  limits. - Prac t ica l  l i m i t s  on the  e l e c t r i c  f i e l d  should 
be considered before drawing conclusions from equations (14) o r  (15). 
The limits on the e l e c t r ' c  f i e l d  t o  which insulators  should be subjected 
are from about lo6 t o  10 vo l t s  per meter, while high f i e l d  e lectron 4 
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emission (with subsequent arcing)  occws  a t  about lo8 t o  lo9 vo l t s  per 
meter. These are l o c a l  and not mean values, so t h a t  electrode designs 
incorporating sharp edges and corners would arc-over a t  a lower mean 
e l ec t r i c  f i e l d  than lo8 or 10 Gaseous breakdown 
through the  ion beam need not be considered, because space-charge l i m i t a -  
t ions  result i n  p a r t i c l e  dens i t ies  too l o w  t o  permit e lectron cascades 
and gaseous discharges. 

m 

9 v o l t s  per meter. 

7 A p rac t i ca l  design l imi t  of mean e l e c t r i c  f i e l d  might be about 10 
Equation (12) would then y ie ld  about 787 newtons per vo l t s  per meter. 

square meter of  beam area (or about 80 kilograms/sq meter). Such a 
thrust-to-area r a t i o  would be qui te  adequate f o r  space propulsion - i f  it 
could be obtained f o r  a l l  impulses and p a r t i c l e  weights. 
minimum manufacturing tolerances may prevent f u l l  u t i l i z a t i o n  of  t h e  
d i e l ec t r i c  strength of an insulator  or vacuum. An approximate minimum 
electrode spacing of  about 10-3 meter might be expected from manufactur- 
ing tolerance l imitat ions.  With a spacing of 10-3 meter, acceleration 
poten t ia l  differences of less than lo4 v o l t s  would y ie ld  mean e l ec t r i c -  
f i e l d  values below lo7 v o l t s  per meter and, from equation (14) or  (15), 
correspondingly lower thrust-to-area r a t io s .  b 

Unfortunately, 

* 

Specific impulse. - The accelerator  po ten t ia l  difference f o r  t h e  
Child’s law ion accelerator  can be r e l a t ed  t o  impulse and atomic weight 
per e lectronic  charge by dividing the  ve loc i ty  equation (3) by t h e  
dimensional constant g: 

For a round-trip Mars mission with a nuclear-electr ic  powerplant 
reasonably advanced over t h e  present technology, optimum impulses of 
5000 t o  10,000 seconds are indicated by reference 3. A s a t e l l i t e  o rb i t  
adjustment might u t i l i z e  an impulse as low as 1000 seconds, while a 
m i s s i o n  t o  t h e  outer planets  might require  an impulse of 20,000 seconds 
or greater. The range of i n t e r e s t  f o r  impulses i s  therefore  from about 
1000 t o  over 20,000 seconds. 

Sketch (d) shows the  spec i f ic  impulse as a function of ion atomic 
weight f o r  an accelerating poten t ia l  difference of lo4 volts,  which cor- 
responds t o  a f i e l d  of 107 v o l t s  per meter and a spacing of 10-3 meter. 
Above the l ine,  t he  design l i m i t  of lo7 v o l t s  per meter can be used f o r  
t he  f i e ld ,  while below the  l i n e  the  minimum electrode spacing of lom3 
meter is  used. Also, the  greater  t he  distance below t h e  l ine,  the  l e s s  
t he  mean e l e c t r i c  f i e l d  and (from eq. (14)) t he  less the  th rus t  per un i t  
beam area. For atomic ions, t h e  spec i f ic  impulses desired for  most space . 
m i s s i o n s  f a l l  below the  l i n e  i n  sketch (d); consequently, heavy atomic 
ions, o r  perhaps even heavy molecular ions, w i l l  be desirable  f o r  

0 
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H" 

a; 
rn 
rl i n  eq. (16)  
H $ 

Atomic weight per e lectronic  
charge, A 
(dl 

maximizing thrus t  per u n i t  beam area. 
l i n e  i n  sketch (d) can be shown numerically by subs t i tu t ing  equation (16) 

The e f f ec t  of operation below the  

I i n to  equation (13): 

Thus, t he  thrust-area r a t i o  decreases as the  fourth power of impulse 
below t h e  l i n e  i n  sketch (d). 5 

The values selected f o r  maximum mean poten t ia l  gradient and minimum 
electrode spacing i n  the  foregoing discussion (107 volts/meter and 
meter) cannot be considered as more than rough approximations. 
ent  design compromises can change the  effect ive limits f o r  d i f fe ren t  
operating conditions. It i s  va l id  t o  conclude, however, t h a t  heavy ions 
w i l l  be desirable  f o r  high thrust-to-area designs a t  a l l  but t he  highest 
spec i f ic  impulses. The accelerate-decelerate pr inciple  ( t o  be discussed 
la te r )  can be used t o  reduce, but not eliminate, the  thrust-area penal t ies  
associated with l i g h t  ions and low specif ic  impulses. 

Differ- 

Electron accelerator  problems. - For neut ra l iza t ion  t h e  t o t a l  
electron-beam current must equal the  t o t a l  ion-beam current. 
assumed t h a t  t h e  electron and ion accelerators have t h e  same length 
(l imited by tolerances),  a simple approximate equation can be derived t o  
show the connection between the  velocity r a t i o  and beam area r a t i o  of 
t he  ion and electron accelerators.  The approximation r e s u l t s  from 
ignoring thermal motion, which would probably be s igni f icant  f o r  elec- 
trons.  From Child 's  l a w  (eq. (9)) ,  

If it is 
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Substi tuting t h e  ve loc i ty  expression (eq. (3)) i n  (19) gives 

For the same ve loc i ty  and an ion atomic weight per charge of 100, t h e  
r a t i o  of electron- t o  ion-beam area would be 1.8x105. The la rge  weight 
implied by such a large beam area f o r  t he  electron gun would be unac- 
ceptable. If, as an a l te rna t ive  approach, t he  ion-bean area i s  assumed 
t h e  same size, t he  electron ve loc i ty  would be 57 times t h a t  of t h e  ions. 
As w i l l  be shown i n  the  neutral izat ion analysis, such a high electron 
veloci ty  poses a problem. The accelerate-decelerate principle,  however, 
helps t o  reduce both the  electron ve loc i ty  and the  problem. 

In te rna l  Deceleration 
0 

Uniform i n i t i a l  velocity.  - The in t e rna l  deceleration region between 
s t a t i o n s  2 and 3 i n  an ion accelerator  has the  boundary condition of 
uniform but nonzero ve loc i ty  at  s t a t ion  2. Again, the  same boundary 
condition applies approximately t o  an electron accelerator  f o r  t h e  same 
s ta t ions.  
s t a t i o n s  1 and 2 and deceleration between s t a t ions  2 and 3 i s  shown i n  
sketch (e): 

A t yp ica l  po ten t i a l  var ia t ion  showing acceleration between 

Stat ion 1 2 2E 3 
Distance, x 

The sketch is  shown f o r  posi t ive par t ic les ,  but could be applied t o  
negative pa r t i c l e s  merely by invert ing t h e  ordinate. A zero-electric- 
f i e l d  plane, s t a t ion  2E, i s  shown between s t a t ions  2 and 3, although it 
i s  a l s o  possible t o  have t h e  zero-electr ic-f ie ld  plane at s t a t ion  2 or 
3, o r  no t  i n  the  region a t  a l l .  The various possible locations of t he  
zero e l ec t r i c  f i e l d  and the  various poten t ia l s  a t  t h a t  plane correspond 

a 
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t o  a large number of solutions. 
i s  not within the  scope of t h i s  report. If the  reader is  in te res ted  in 
fur ther  detai ls ,  references 5 and 7 are suggested. 

A complete discussion of these solutions 

The aim of t h i s  section is met i f  region 1 t o  2 can be shown t o  be 
space-charge-limiting f o r  current with t h e  same spacing between 1 and 2 
as between 2 and 3, so tha t  the  accelerate-decelerate accelerator  can be 
analyzed by considering only the space-charge e f f ec t s  between s ta t ions  1 
and 2. 
s t r a t e d  by showing a solution of t h e  s ta t ion  2 t o  3 region t h a t  w i l l  
ca r ry  more current than the  1 t o  2 region with the  same spacing. This 
par t icu lar  solution uses the  boundary values of a zero e l e c t r i c  f ie ld ,  
s t a t i o n  2E, between s ta t ions  2 and 3, with the  pa r t i c l e  ve loc i ty  a t  sta- 
t i o n  2E equal t o  zero. 

The current l imitat ion of t he  s ta t ion  1 t o  2 region is  demon- 

Thus, 

VZE - v = v 2 1-52 

Also, there  is  no current reversa l  at s t a t ion  E, so t h a t  

j2 = jl = J 

Solving equation (4) f o r  these boundary conditions, 
?, 

(23) 

Comparing equations (9)  and (23)(note VZE equals V1), it i s  evident 
t h a t  t h e  l e f t  s ide of (23) can be considered as the  r a t i o  of current t o  
t h a t  obtained from Child 's  l a w  f o r  the same potent ia l  difference and 
length. It i s  a l so  evident t h a t  t he  r a t i o  w i l l  be equal t o  or greater  
than unity. Reference 7 shows some solutions f o r  the same r a t i o  of  
(v2E - v3)/(v2E - vZ), but with V2E # 0, t h a t  have even higher current 
ra t ios .  But it w i l l  suf f ice  here merely t o  note that,  f o r  t he  same 
dis tances  between s ta t ions  2 and 3 as between 1 and 2, more current can 
be transmitted between s ta t ions  2 and 3. The dimensionless grouping on 
the  l e f t  s ide of equation ( 2 3 )  i s  used throughout t h i s  report  and is  
ca l led  t h e  space-charge number. 

Accelerate-decelerate. - An accelerator with an accelerat ion region 
followed by a deceleration region i s  cal led an A-D (accelerate-decelerate) 
accelerator.  The deceleration may be in t e rna l  or external  (discussed i n  
t h e  sect ion on external  deceleration),  although only the  in t e rna l  decel- 
e ra t ion  is  considered here. For t h e  same minimum spacing between s ta-  
t i ons  2 and 3 as between s t a t ions  1 and 2, beam current i s  determined by 
the  e l e c t r i c  f i e l d  between s t a t ions  1 and 2. The impulse, as measured 
at  s t a t i o n  3 (ignoring external  space-charge e f fec ts ) ,  depends only on 
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potent ia l  difference 
change the  current. 
can thus be obtained 

V1 - V3, so t h a t  a decrease i n  impulse w i l l  r 

Operation a t  impulses below the  l i n e  i n  sketch 
without such a d r a s t i c  reduction i n  thrus t  as  

Child's law,  or accelerate-only case. 
thrust-area equation f o r  t he  A-D accelerator  i s  

From equations (13) and (16), 

Comparing t h e  A-D equation (24)  with the  Child 's  l a w  equation (17)  a t  a 
point on t h e  curve of  sketch (a), the  same thrust-area r a t i o  i s  obtained. 
This resu l t  should be expected because such a point f o r  t h e  A-D acceler-  
a t o r  corresponds t o  no net  deceleration from s t a t ion  2 t o  3. 
thrust-area r a t i o s  a re  compared a t  lower impulses, t he  Child 's  l a w  
values decrease as the  fourth power of spec i f ic  impulse, while t h e  A-D 
values decrease by only the  first power of spec i f ic  impulse. 

If t h e  

This thrust-area advantage of A-D ion accelerators  over Chi ld 's  l a w  . 
ion accelerators fo r  low spec i f ic  impulses, low ion weights, or both, 

however, as some of t he  p a r t i c l e s  w i l l  s t r i k e  the  electrode a t  s t a t i o n  
2. The resu l tan t  losses  w i l l  be subs tan t ia l ly  independent of ve loc i ty  
a t  s ta t ion 3 and hence w i l l  be a la rger  f r ac t ion  of beam power as  t h e  
f i n a l  veloci ty  is lowered. 

w a s  a l s o  shown i n  reference 4. The A-D system i s  not without losses, 4 

The A-D pr inciple  has the  fur ther  advantage for t he  ion accelerator  
of es tabl ishing a po ten t i a l  difference between s t a t ions  2 and 3 t h a t  
would prevent e lectrons from going upstream t o  s t a t ion  1. 
shows an e l e c t r i c  f i e l d  a t  s t a t ion  3 t h a t  would i n i t i a l l y  accelerate  t he  
electrons in to  the  ion accelerator,  but t h e  electrons would not have 
suf f ic ien t  energy t o  reach s t a t ion  2 and they would merely turn around 
and go out again. As w i l l  be discussed i n  t h e  sect ion on the  mixed 
electron-ion beam, co l l i s ions  between ions and electrons can be 
neglected. 

Sketch (e) 

The A-D analysis  a l so  appl ies  i n  approximate fashion t o  e lectron 
accelerators, s o  t h a t  higher beam current dens i t ies  can be obtained w i t h  
an A-D accelerator than with a Child 's  l a w  accelerator  with both having 
t h e  same f i n a l  velocity.  
applied t o  e lectron accelerators,  including thermal ve loc i ty  effects,  
i s  presented i n  t h e  next section. 

Further discussion of t h e  A-D pr inciple  as 

Maxwellian Distr ibut ion 
w 

In t h i s  section the  Maxwellian d i s t r ibu t ion  i s  discussed first by 
i t se l f  and then as a boundary condition t o  solut ions of Poisson's 
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equation f o r  accelerators.  Finally, the solutions of Poisson's equation 
w i t h  a Maxwellim d i s t r ibu t ion  a re  discussed i n  t h e i r  applications t o  
accelerators.  

A Maxwellian d is t r ibu t ion  of ve loc i t ies  i n  one dimension has the 
d i f f e r e n t i a l  equation, 

where 
v' and v '  + dv', and the  most probable ve loc i ty  T is 

dn i s  the  number of  pa r t i c l e s  i n  the  ve loc i ty  in t e rva l  between 

To obtain the  rate at  which pa r t i c l e s  cross a uni t  area plane with a 
ve loc i ty  greater thm v', equation (25)  must be multiplied by the veloc- 
i t y  of approach v '  and integrated from v '  t o  in f in i ty ,  t o  obtain 

and 

For charged par t ic les ,  t h e  poten t ia l  expressions can be defined 

which can be subs t i tu ted  f o r  veloci t ies .  
be mult ipl ied by the  u n i t  charge t o  obtain current density: 

The flow rate of pa r t i c l e s  can 

o r  simply 
- V ' / V  

j = jee 

where the  current j is  the pa r t  of the emitted current je  with a 
p a r t i c l e  thermal poten t ia l  greater  i n  magnitude than V ' .  An a l t e rna t ive  
def in i t ion  of mean thermal po ten t i a l  i n  terms of temperature i s  
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r which, in mks units, i s  

Thus, 11,605' K r e s u l t s  i n  a mean thermal po ten t i a l  of  1 volt .  

A Maxwellian d is t r ibu t ion  w i l l  be encountered with e i t h e r  a gaseous 
pa r t i c l e  source or emission from a hot surface. 
source, such as a plasma, t h e  Maxwellian d is t r ibu t ion  corresponds t o  t h e  
equilibrium condition. I n  practice, t h e  equilibrium condition is  reached 
quickly f o r  electron-electron co l l i s ions  and ion-ion col l is ions;  hence, 
t h e  Maxwellian d is t r ibu t ion  usual ly  applies. Since equilibrium between 
electrons and ions i s  approached a t  a much slower rate, t he  electron and 
ion dis t r ibut ions may correspond t o  d i f f e ren t  temperatures. Emission of 
pa r t i c l e s  from a hot surface agrees both i n  theory and experiment with a 
Maxwellian dis t r ibut ion,  as  shown i n  references 8 t o  10. 

For a gaseous p a r t i c l e  

Acceleration region. - F i r s t  consider t h e  usual case where more 
current is emitted a t  s t a t ion  1 than i s  transmitted t o  s t a t i o n  2. The 
poten t ia l  var ia t ion i n  sketch ( f )  i s  again f o r  posi t ive par t ic les ,  but  4 
would apply t o  negative pa r t i c l e s  i f  t he  po ten t i a l  var ia t ion  were 
inverted: 

Current dens i t ies  I 

Stat ion 1 x 1E 2 
Distance, x 

The emitted current densi ty  je i s  equal t o  the  sum of t he  current 
densi t ies  ja and j,, indicated i n  sketch ( f ) .  The transmitted current 
density j t  i s  simply ja. The portion of the  emitted current densi ty  
with insuff ic ient  thermal energy t o  reach s t a t ion  IE reverses and returns  
t o  s t a t ion  1, as shown by j, and jd. With a Maxwellian d is t r ibu t ion  
of emitted p a r t i c l e  energy, t h e  current reversa l  process is, of course, 
continuous, and not stepwise as indicated i n  t h e  sketch. # 

s 
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The charge density a t  any point x on the  upstream side of s t a t ion  
IX i s  obtained by Integrat ing equation (6)  over t he  t o t a l  current density 
a t  t h a t  point. 
example, would be ja + jb - j, + jd. Since t h e  term j, represents 
current t h a t  reversed before reaching point x, it w a s  subtracted from 
jb. It i s  convenient f o r  calculat ion purposes t o  divide the  current i n to  
downstream and upstream t e r m s  (ja + jb - j,) and jd  a t  point x. The 
sum of these terms thus represents t he  t o t a l  current on the  upstream 
side of s t a t ion  U, while the  difference represents the  current j t  on 
t h e  downstream side of s t a t ion  a. 

The t o t a l  current density a t  point x i n  sketch ( f ) ,  for 

The d i f f e r e n t i a l  current density, from equation (31), i s  

or, i n  terms of transmitted current, 

(VIE- vl- v ' ) /ir 
d j  = -jte a v p  

Substi tuting equation (34) in to  (6), 

- 
- 

f c a  LV1 
(34) 

(V,-V,-V' )/v 
dVf/V 

- v + V,)(s/m) 

(V,-V,-V' )/v 
dVf/V 

In l i n e  with the discussion of sketch ( f )  t he  first t e r m  represents the  
downstream current and the  second term t h e  upstream current, with the  
integrat ion l i m i t s  determined accordingly. The +ca i s  for posi t ive 
par t ic les ,  while t he  -a, i s  fo r  negative par t ic les .  The sum of t h e  two 
terms of equation (35) represents the  charge density on t h e  upstream 
s ide  of s t a t ion  IX, while the  difference represents t h a t  on the down- 
stream side. 

F t e g r a t i n g  (35) and subst i tut ing a2/2  for (VI - V - V 1 ) P  give 

The posi t ive sign i n  (36) is, of course, associated with the  upstream 
s ide  and the  negative sign with the downstreaq side. 
(36) can be readi ly  evaluated from a t ab le  of t he  normal probabi l i ty  
function, but  only for spec i f ic  values of (VB - V ) p .  

The integrand i n  
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The charge densi ty  i s  used i n  Poisson's equation, but  t h e  integra- ? 

t i o n  must be numerical because equation (36) i s  evaluated from tables. 
Two equations tha t  can be used f o r  numerical solution of equation (l), 
Poisson's equation i n  one dimension, a r e  

and 

Equation (38) cannot be evaluated by numerical integrat ion f o r  the in te r -  
v a l  from Vu t o  (VE + AV), because there i s  a s ingular i ty  a t  VB. 
The charge densi ty  var ies  slowly with po ten t i a l  c lose t o  V z  and there- 
fore  may be assumed constant t o  integrate  t h e  denominator of (38). Equa- 
t i o n  (38) can then be integrated t o  obtain the f irst  distance increment: 4 

The procedure outlined i s  subs tan t ia l ly  t h a t  used by Langmuir i n  
reference 11 for  the  case where more current i s  emitted than transmitted. 
For t h i s  case t h e  r a t i o  of l oca l  current t o  transmitted current on t h e  
upstream side i s  

On the downstream s ide  t h e  current i s  constant. 

The r e s u l t s  of reference 11, expressed i n  the  parameters of t h i s  
report, a r e  presented i n  t a b l e  I. 
parameters i n  the  table were calculated from equation (36) because they 
were not  included i n  reference 11. 

The l o c a l  and integrated charge densi ty  

The tabulated r e s u l t s  of reference 11 are  p lo t ted  i n  f igure  1 i n  
t e r m s  O f  overa l l  parameters t h a t  are more convenient f o r  analysis  and 
design. The nondimensional numbers used i n  f igure 1 are t h e  space-charge 
numbers based on both emitted and transmitted current and the  r a t i o  of 
m e a n  thermal po ten t i a l  t o  t h e  ove ra l l  po ten t i a l  difference of t he  accel- 
erator.  
i n  emitted current always causes an increase i n  transmitted current. 

Except f o r  the case of zero thermal po ten t i a l  ra t io ,  an increase 

* 
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. 
Also, unless emission-limited conditions a re  reached, an increase i n  
mean thermal poten t ia l  causes an increase i n  transmitted current. The 
zero thermal poten t ia l  r a t i o  agrees with Child 's  l a w ,  with the  space- 
charge number based on transmitted current equal t o  unity. 

The in te rcepts  w i t h  the 4 5 O  l i n e  i n  figure 1 are fo r  zero e l e c t r i c  
f i e l d  at  the emitter, which is  f o r  t h e  l imiting solution where 
je = jt = j. An equation f o r  these intercepts w a s  obtained by Langmuir 
i n  reference 1 2  by taking the  first two terms of a series expansion. 
That equation, with the  constant changed s l i g h t l y  t o  give s l i gh t ly  
better accuracy (within 1 percent) f o r  values of 
zero and 10, is  

- 
V/(V, - V2) between 

* In te rna l  deceleration. - The boundary condition of a Maxwellian 
d is t r ibu t ion  of pa r t i c l e  energy superimposed on a uniform i n i t i a l  veloc- 

4 i t y  is  used f o r  the  in t e rna l  deceleration region. As i n  t he  previous case 
f o r  i n t e rna l  deceleration, with uniform i n i t i a l  velocity,  s ta t ions  1 and 2 
w i l l  be current-l imiting fo r  t he  same spacing between 1 and 2 as between 
2 and 3. This w i l l  be shown by again considering the boundary conditions 
of a zero e l e c t r i c  f i e l d  ( s ta t ion  2E) intermediate between s ta t ions  2 
and 3 and a minimum pa r t i c l e  ve loc i ty  of zero a t  t h a t  s t a t ion  ( s ta t ion  
2E). Equation (41) can thus be applied t o  t h e  region between s ta t ions  
2 and 2E: 

Comparing (42)  and (41), with the potent ia l  differences the  same and t h e  
distance ( x ~ ~  - x2) l e s s  than (x2 - x,), it i s  evident t h a t  t h e  current 
t h a t  region 2 t o  3 can handle is  greater than tha t  f o r  region 1 t o  2. 

An excess of emitted current over transmitted current would increase 
the  transmitted current, as shown i n  figure 1. However, t o  increase the 
emitted current su f f i c i en t ly  t o  m a k e  the current capacity of region 1 
t o  2 greater  than t h a t  of 2 t o  3 i s  probably impractical  with respect 
t o  particle-emission losses, and the region between s ta t ions  1 and 2 
w i l l  probably be space-charge-limiting f o r  t h e  same distances between 
1 and 2 as between 2 and 3. 

* Applications t o  accelerators.  - The solutions w i t h  Maxwellian dis- 
t r i bu t ions  as boundary conditions apply primarily t o  electron acceler- 
a tors .  The thermal poten t ia l  of ions may be s ignif icant  f o r  some 
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v 
low-specific-Impulse applications, but generally it can be ignored. For 
example, ions w i t h  an atomic weight per charge of 100 coming from a 
source w i t h  a temperature as high as 10,OOOo K at a spec i f ic  impulse of 
only 5000 seconds would have a r a t i o  of thermal po ten t i a l  t o  accelerat ing 
poten t ia l  difference of 0.0007. On t he  other hand, e lectrons coming from 
a surface as low as 1000° K at ve loc i t i e s  corresponding t o  a spec i f ic  
impulse of 100,000 seconds would s t i l l  have a thermal po ten t i a l  r a t i o  of 
0.03. In fac t ,  a temperature of 1000° K without any accelerat ing poten- 
t i a l  difference i s  suf f ic ien t  t o  give an average electron ve loc i ty  equiv- 
a l en t  t o  15,000 seconds. 

The A-D (accelerate-decelerate) pr inc ip le  i s  j u s t  as va l id  w i t h  a 
Maxwellian d is t r ibu t ion  f o r  a boundary condition as with uniform ve loc i ty  
boundary condition, but i s  l imited pr imari ly  t o  e lectron accelerators.  
In  a manner completely analogous t o  t h e  previous discussion w i t h  uniform 
i n i t i a l  velocity, t h e  A-D principle  permits higher current dens i t ies  f o r  
t he  same f i n a l  velocity.  Electron impingement on the  accelerat ing elec- 
t rode and the space charge a t  t h e  exit  of the electron accelerator  place 
prac t ica l  l i m i t s  on t h e  use of t he  A-D principle,  but it does represent 

ais cussed previously. 

t 

a p a r t i a l  solut ion t o  the  area-velocity compromise f o r  e lectron guns 

External Deceleration 

The external  deceleration region i s  between the ion accelerator  
e x i t  and the  plane of e lectron inject ion.  The electron-inject ion plane 
i s  not a t r u e  neut ra l iza t ion  plane, as the  neut ra l iza t ion  process does 
not occur i n  a plane. There must be e l e c t r i c  f ie lds  suf f ic ien t  t o  dis-  
t r i bu te  the  electrons downstream of t h e  electron-in ject ion plane, al- 
thoughthe  magnitudes of these e l e c t r i c  f ie lds  are negl igible  compared 
with those upstream. The solutions of t h e  mixed electron-ion beam are 
presented i n  a l a t e r  section of this  report ,  but f o r  t h i s  section the  
assumption of neutral izat ion a t  the  electron-injection plane and zero 
e l ec t r i c  f i e l d  downstream of tha t  plane w i l l  be an adequate approximation 
of t he  r e a l  case. 

The ion rocket e x i t  i s  re fer red  t o  as s t a t ion  3 throughout t h i s  
section, although it may ac tua l ly  be s t a t ion  2. The electron-injection 
or neutral izat ion plane i s  s t a t i o n  N. Poisson's equation (eq. (1)) can 
be writ ten 

- - -  dF:- P 
ax €0 

t 

Thus, in passing from the  downstream side of s t a t ion  N t o  t he  upstream 
side, there can be no f i n i t e  change i n  e l e c t r i c  f i e l d  without a f i n i t e  
charge in  the  plane of N. Stat ion N i s  assumed t o  be merely an 
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electron-inject ion plane without a physical electrode. Without an elec- 
trode, there  can be no f i n i t e  charge i n  the  plane of N, and the e l e c t r i c  
f i e l d s  upstream of s t a t ion  N must a l so  be zero. 

Uniform i n i t i a l  velocity.  - Using the  boundary condition of uniform 
i n i t i a l  velocity, equation (4) can be integrated. The f i rs t  integrat ion 
yields  the e l e c t r i c  f ie ld ,  

E = 4 4  (44) 

The constant of integration, a, i s  evaluated as 
addi t ional  boundary condition of E = 0 at  V = VN. Integrat ing x 
between x3 and XN and integrat ing V between V3 and VN yields  
the  solution 

24-N from t h e  

Maxwellian dis t r ibut ion.  - For the case of external  deceleration 
w i t h  a Maxwellian energy d is t r ibu t ion  superimposed on the i n i t i a l  veloc- 
i ty,  numerical integrat ion i s  necessary. The poten t ia l  differences a re  
measured f’rom the  maximum value in  the accelerator  at s t a t ion  IE. 
a l l  t h e  emitted current i s  being transmitted, t h e  zero e l e c t r i c  f i e l d  i s  
found a t  s t a t ion  1, and s t a t ion  1 i s  used instead of IE f o r  the po ten t i a l  
difference. ) 
the poten t ia l  integrated from VN t o  V 3  and the  distance from XN t o  

x3. 
the s t a r t i n g  point f o r  t he  in t eg ra t ion .  

(If 

The integrat ion w a s  accomplished with equation (38) w i t h  

The reverse direct ion w a s  used t o  provide a zero e l e c t r i c  plane as 

The solutions f o r  t he  ex terna l  deceleration region f o r  a r a g e  of 
thermal po ten t i a l  r a t i o s  are p lo t ted  in  f igure  2. 
V / ( V m  - V 3 )  = 0 The e f f ec t  of in- 
creasing thermal poten t ia l  r a t i o  at all values of the poten t ia l  ra t io ,  
(VJJ - V 3 ) / ( V m  - Vg) ,  is  t o  increase the  space-charge number based on 
t he  difference VIE - V3. This resu l t  might be expected because an in- 
crease i n  thermal potential ,  with other parameters held constant, means 
an increase i n  average ve loc i ty  a t  s ta t ion 3. 

The curve f o r  
w a s  obtained from equation (45). 

An area of i n s t a b i l i t y  i s  revealed i f  a l l  the parameters except cur- 
ren t  density and the poten t ia l  at s ta t ion N a r e  assumed constant, as 
shown i n  sketch (g). 
t rans ien t  departure from the equilibrium operation, as shown by the two 
horizontal  arrows i n  sketch (g). 

A momentary increase i n  current w i l l  cause a 

The increased current w i l l ,  a f t e r  a 
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short  time, increase the  space charge between s t a t ions  3 and N. With 
Vg fixed, the  increase i n  space charge w i l l  cause an increase in VN, 
as shown by  t h e  two v e r t i c a l  arrows i n  sketch (g).  Below the  maximum 
current point A, t he  poten t ia l  change o f f s e t s  t he  i n i t i a l  current 
change by moving the  operating point back towards the  equilibrium l ine ,  
and operation i s  s table .  Above point A t he  converse i s  true. The poten- 
t i a l  change increases the  i n i t i a l  departure from equilibrium due t o  the  
current change, and the  operation i s  unstable. 

The l o c i  of t he  maximum space-charge numbers f o r  t h e  curves of f ig -  
ure 2 are shown by a dashed l ine .  
described as a region of  possible in s t ab i l i t y .  There i s  "possible 
in s t ab i l i t y"  instead of j u s t  " in s t ab i l i t y"  because s t a b i l i t y  depends on 
what parameters a r e  allowed t o  vary i n  a pa r t i cu la r  physical  s i tuat ion,  
and t h e  parmeters  assumed t o  vary i n  t h e  preceding discussion may not 
be the ones ac tua l ly  encountered. 
be used a t  s t a t ion  N, and t h e  zero e l e c t r i c  f i e l d  a t  s t a t ion  N may be 
desired as a boundary condition t o  prevent any electrons from going up- 
stream of s t a t i o n  N. 
being permitted t o  vary, and there would be no i n s t a b i l i t y  region. 

The region above t h i s  l i n e  i s  

For example, a physical electrode may 

The po ten t i a l  a t  N could then be fixed, instead of 

It should be pointed out that the external  deceleration solution 
can be used f o r  an A-D accelerator  without a deceleration electrode, but 
t h e  amount of deceleration in t h e  A-D system must then be small enough 
t o  avoid in s t ab i l i t y .  For negl igible  thermal potential ,  the  f i n a l  veloc- 
i t y  a t  s ta t ion N would have t o  be at least half t h e  i n i t i a l  ve loc i ty  t o  
avoid t h i s  i n s t ab i l i t y .  

Only externa l  deceleration of ions w a s  considered t o  t h i s  point, * 

but th i s  solution may be applied approximately t o  e lectrons i n  t h e  region 
between an electron-accelerator e x i t  and the  ion beam. The approximation + 
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stems from t h e  zero-electr ic-f ie ld  assumption a t  s t a t ion  N. 
f i e l d s  of t he  mixing region are  small compared with the  ion e l e c t r i c  
f i e l d s  upstream of N (as assumed), but may be qui te  s ign i f icant  as  com- 
pared with the  e l e c t r i c  f i e l d  upstream of a s imilar  s t a t i o n  N f o r  elec- 
trons.  

The e l e c t r i c  

Any appl icat ion t o  e lectrons should therefore  be made with care. 

Thrust calculation. - The problems of calculat ing the  th rus t  a r e  
associated with the  external  deceleration region, as w i l l  be shown by 
considering the magnitude of the  various terms of the  th rus t  equation. 
The general  t h rus t  equation f o r  gases composed of charged pa r t i c l e s  has 
t h e  usual  hydrodynamic momentum and pressure terms plus the  magnetic- and 
e lec t r ic - f ie ld  forces. The pressure term i s  negl igible  with p a r t i c l e  
dens i t i e s  of t h e  order of 10-9 atmosphere. 
term i s  negl igible  compared with the  e l ec t r i c - f i e ld  force term i n  the  
absence of an ex terna l  magnetic f i e l d  and r e l a t i v i s t i c  p a r t i c l e  veloci-  
t i e s ,  which a re  not considered here. Also, t he  momenta of e lectrons a r e  
negl igible  compared with those of ions. The calculat ion of t h rus t  re- 
duces, then, t o  integrat ion of ion-momentum forces and e l ec t r i c - f i e ld  
forces.  
forces a re  s ign i f icant  i s  between the  e x i t  of t h e  ion accelerator  and 
the  electron-inject ion plane, which i s  t h e  ion ex terna l  deceleration 
region. 
e l e c t r i c  f ie ld  uniform over the  area S a t  any s ta t ion,  

The magnetic-field force 

The external  region where both ion-momentum and e l ec t r i c - f i e ld  

For t h e  simple one-dimensional case with both the  ve loc i ty  and 

For fur ther  discussion of the  thrust equation and the  importance 
various terms, see reference 5. 

(46 1 

of the  

For an example of t h rus t  calculation, consider t he  case of ex terna l  
deceleration with uniform ini t ia l  velocity. The first  term i s  

The second term i s  obtained from equation (44): 

-=j+yd-.- EoE2 4 n )  
2 

Subst i tut ing equations (47) and (48) into (46), 

(49 1 

Equation (49) demonstrates two things. 
pendent of t h e  plane of measurement as long as  t h a t  plane i s  external  

F i r s t ,  t he  th rus t  force i s  inde- 
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t o  hardware. Second, it i s  simpler t o  calculate  t he  th rus t  a t  a plane , 
where t h e  e l e c t r i c  f i e l d  i s  zero. 

For th rus t  calculat ion where appreciable ion thermal ve loc i t i e s  
are encountered, t h e  ion-momentum term of equation (46) i s  replaced by 
the  sum of p a r t i c l e  momenta, which in  tu rn  equals the product of mass 
flow and average velocity:  

(50) 
S 

Average ve loc i ty  can be evaluated from 

Equation (51) w a s  integrated numerically, and the  following equation w a s  
obtained empirically: 

c 

- 
Equation (52) i s  accurate t o  about 1 percent f o r  values of 
than 10. 

V/V3 less 

Mixed Electron-Ion Beam 

The d i f f i c u l t y  i n  t ry ing  t o  match electron and ion accelerators  was  
The problem i s  prima- brought out i n  t h e  section "Acceleration Region." 

r i l y  one of compromising electron-gun s i z e  w i t h  e lectron velocity,  w i t h  
both tending t o  be excessive, probably even w i t h  the  A-D pr inciple  f o r  
t h e  electron accelerator ,  The problem, then, i s  one of t ry ing  t o  slow 
the  electrons after they a r e  i n  t h e  ion beam, so t h a t  t he  space charge 
of t h e  electrons w i l l  neu t ra l ize  that  of t h e  ions. 

Various processes ac t  t o  slow electrons i n  aa ion gas, such as 
radiat ive recombination, bremsstrahlung, coulomb scattering, multiple 
ionization of ions, and e l e c t r o s t a t i c  forces. For the impulse range of 
i n t e re s t  and probable p a r t i c l e  densi ty  (assumed at 1016 per cubic meter), 
only the e l e c t r o s t a t i c  forces were s ignif icant .  The lack of energy- 
diss ipat ing processes means t h a t  the previous approach w i t h  Poisson's 
equation and t h e  energy equation i s  adequate f o r  mixed beams Of ions 
and electrons. The purpose of th i s  sect ion is, of course, t o  determine 
t h e  permissible e lectron ve loc i ty  f o r  neutral izat ion.  

? 

# 
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Equal e lectron and ion currents.  - The solut ion with uniform elec- 

t ron  ve loc i ty  and equal e lectron and ion currents uses equation (5). 
The ion-charge densi ty  i s  assumed constant, which is  reasonable i n  view 
of the  high mass of the  ions compared with t h e  electrons.  To simplify 
t h e  calculations,  it i s  convenient t o  express the  ion-charge densi ty  i n  
terms of the  electron charge and mass and the  equivalent e lectron poten- 
t i a l  Veq. 
required t o  give ion ve loc i ty  t o  the  electron. Subst i tut ing the  ion- 
charge-density expression in equation (5), and measuring po ten t i a l  dif -  
ference from the  minimum po ten t i a l  V d n ,  which w i l l  be shown t o  corre- 
spond t o  zero electron velocity,  give 

The equivalent po ten t ia l  for  an electron i s  t h a t  po ten t i a l  

To determine the  integrat ion l imi t s  of equation (53) ,  some bas ic  
charac te r i s t ics  of Poisson's equation must be considered. If the elec- 
t ron  accelerators  have reasonable areas, then, i n  the  region immediately 
downstream of s t a t ion  N, t he  electrons w i l l  have excess ve loc i ty  over t he  
ions, and the  net  charge densi ty  w i l l  be posi t ive.  From Poisson's equa- 
t ion,  t he  po ten t i a l  var ia t ion  with distance is concave downwards f o r  a 
pos i t ive  charge density. The maximum allowable electron ve loc i ty  i s  
obtained by placing the  maximum of t h e  poten t ia l  curve a t  s t a t ion  N, a s  
shown i n  sketch (h): 

w r 
3 

Distance, x 

A s  t he  electrons go downstream, they slow down u n t i l  t h e  po ten t i a l  f a l l s  
below t h e  value required t o  give ion velocity, and t h e  charge densi ty  
becomes negative. The curve w i l l  then be concave upwards, as  shown i n  
sketch (i): 

min Distance, x Stat ion N 

(1) 
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The maximum electron ve loc i ty  a t  s t a t ion  N corresponds t o  the  maximum 
potent ia l  a t  t h a t  point. 
obtained w i t h  the  lowest possible minimum downstream of s t a t ion  N. 
lowest minimum po ten t i a l  corresponds t o  zero electron velocity, which 
agrees w i t h  t he  def in i t ion  of po ten t ia l  difference used i n  equation (53). 
Thus, the maximum electron ve loc i ty  a t  s t a t ion  N i s  obtained by integrat-  
ing equation (53) over t h e  range 0 t o  0 f o r  slope and Vmin t o  VN f o r  
potential .  Integrat ing and solving f o r  t h e  poten t ia l  difference a t  sta- 
t i o n  N, 

The maximum potent ia l  a t  s t a t i o n  N is, i n  turn, 
The 

The maximum electron ve loc i ty  a t  s t a t ion  N is  therefore  twice the ion 
veloci ty  f o r  t he  condition of equal-magnitude electron and ion currents, 
and OCCUI'S at a minimum electron ve loc i ty  of zero. The po ten t i a l  var ia-  
t i o n  shown i n  sketch (i) is  cycl ic  with increasing distance. 
length can be calculated by integrat ing equation (53) twice. 
length turns  out t o  be exact ly  the  ion ve loc i ty  divided by the  plasma 
f'requency, o r  

The wave- 
The wave- 

The electron densi ty  no 
s t a t ion  N and the f irst  minimum. 
and expressing (54) i n  terms of ion properties,  

i n  equation (55) i s  the  mean value between 
Substi tuting mks values f o r  constants 

The wavelengths calculated from equation (56) w i l l  generally be very 
small compared t o  hardware dimensions. 

Electron current reversal .  - If t h e  electron ve loc i ty  i s  greater  
than twice the ion velocity, only pa r t  of t h e  emitted electron current 
passes beyond the  f i rs t  minimum. If only pa r t  of t he  electron current 
passes beyond t h e  first minimum, then t h e  ion beam w i l l  not be neutralized. 
An obvious poss ib i l i t y  i s  increasing the electron current when the elec- 
t ron  veloci ty  i s  increased, so t h e  electron current tha t  escapes w i l l  be 
suff ic ient  t o  neut ra l ize  the ion beam beyond t h e  f i r s t  minimum. 
electron current f o r  such a condition downstream of s t a t ion  N i s  shown 
in sketch ( j ) :  

The 
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Distance, x 

The transmitted, emitted, and t o t a l  electron currents a re  

The method of solut ion i s  the  same as the previous one, except t h e  t o t a l  
e lectron current is  used i n  the  electron-charge term. 
maximum potent ia l  a t  s t a t ion  N is  

The solut ion for 

or, i n  terms of e lectron and ion veloci t ies ,  

v- - - 2v+ (+) 
Thus, t he  electron ve loc i ty  may be much grea te r  than the  ion ve loc i ty  i f  
t h e  t o t a l  current is  increased correspondingly. 
current j, may or  may not be collected by an electrode. If jc  i s  
merely re f lec ted  by e l e c t r i c  f i e l d s  in  t h e  ion accelerator,  then the  
ac tua l  thermionic emission need be no l a rge r  than the  transmitted current 
ja ,  Even when a l l  t he  returning electrons a re  col lected and the  electron 
accelerator  must supply a l l  downstream electrons, going t o  a higher 
e lectron ve loc i ty  permits a reduction i n  electron accelerator  e x i t  area. 

The returning electron 

The length from s t a t i o n  N t o  the first minimum i s  found t o  be la rger  
than the half-wavelength given by equation (56) by the  r a t i o  
Downstream of the f i r s t  minimum t h e  wavelength would rever t  t o  t h a t  given 
by equation (55) o r  (56) .  

j tot/jt.  
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Maxwellian d is t r ibu t ion .  - The e f f ec t  of a Maxwellian d i s t r ibu t ion  
of energies superimposed on electron ve loc i t i e s  was a l so  used as an i n i -  
t i a lboundary  condition for t he  mixed-beam region. The solut ion was  ob- 
tained by numerical integrat ion of equation (37) from t h e  first m i n i m u m  
t o  t h e  maximum a t  s t a t i o n  N. 
f i e l d  i s  involved; thus only the  in tegra t ion  

No net  change of po ten t i a l  slope o r  e l e c t r i c  

need be considered. S ta r t ing  a t  the  minimum, integrat ion i s  continued 
u n t i l  the  value of the  i n t e g r a l  i s  zero, which i s  reached a t  VN. The 
charge densi ty  p i s  the  sum of t he  electron-charge densi ty  (from eq. 
(36))  and t h e  ion-charge densi ty  (assumed constant because of t he  high 
ion-to-electron mass r a t i o ) .  The solut ions f o r  a range of thermal poten- 
t i a l  r a t i o s  and total- to- t ransmit ted current r a t i o s  were obtained and a r e  
plot ted in f igure  3. 

9 

- 
The thermal po ten t i a l  ra t io ,  -V/(Veq - Vmin), was l imited t o  values 

l e s s  than IT. For values grea te r  than fi, t he  integrated charge densi ty  
f o r  a Maxwellian d i s t r ibu t ion  of e lectrons w a s  less than the  charge 

c 

density of an equal-current-density ion beam, even w i t h  no 
potent ia l  difference.  Thus, a solut ion w i t h  a neutral ized 
possible f o r  high thermal po ten t i a l  r a t io s .  For the  uni ty  
the  var ia t ion of maximum po ten t i a l  r a t io ,  (VN - Vmin)/(Veq 
predicted within 0.15 by the  approximate equation, 

'eq - 'min 

accelerat ing 
beam i s  not 
current r a t  io, 
- Vmin), i s  

(59) 

The magnitude of po ten t i a l  e f f e c t  i s  roughly t h e  same at the  other cur- 
r en t  ra t ios ,  so t h a t  percentagewise the  thermal po ten t i a l  r a t i o  i s  less 
important a t  high current r a t io s .  Current r a t i o s  higher than uni ty  in 
f igure  3 were calculated f o r  t he  case where a l l  e lectrons returning t o  
t h e  ion accelerator  a re  r e f l ec t ed  by an e l e c t r i c  f i e l d  instead of col- 
l ec ted  by an electrode. 
po ten t ia l s  for e i t h e r  co l lec t ion  or re f lec t ion ,  however, i s  small f o r  
t h e  sane current r a t io .  

The difference between t h e  maximum electron 

The l i m i t  of fi f o r  thermal po ten t i a l  r a t i o  r a i s e s  some p rac t i ca l  
questions, s ince it w i l l  be encountered i n  many proposed designs. 
electron thermal energies are so small t h a t  even small d iss ipa t ive  proc- 
esses may permit operation a t  thermal po ten t i a l  r a t i o s  subs tan t ia l ly  
higher than fi. The e f f ec t ive  value determined from experiment may 
therefore depart considerably from K. 

The 

f 

c L 



29 
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Heavy ions a r e  pa r t i cu la r ly  desirable f o r  high current densi ty  when 
ion-accelerator lengths a r e  l imited by manufacturing tolerances ra ther  
than d i e l e c t r i c  strength. 
helps t o  o f f se t  t h e  e f f ec t  of minimum electrode spacing on ion current 
dens it y. 

The A-D (accelerate-decelerate) pr inc ip le  a l so  

The s imilar  design of electron and ion accelerators  leads t o  exces- 

With excessive 
s ive  electron ve loc i t ies ,  e x i t  areas, o r  both, probably even when the  
A-D pr inc ip le  i s  u t i l i z e d  f o r  t he  electron accelerator.  
e lectron ve loc i t ies ,  only pa r t  of t h e  electron current goes downstream 
when neut ra l iza t ion  is  attempted. High e lectron ve loc i t i e s  can be 
u t i l i zed ,  however, if the  t o t a l  electron current i s  la rge  enough t h a t  
the  e lec t ron  current transmitted i s  suf f ic ien t  t o  neut ra l ize  the  ion 
beam. 

Since the  high-electron-velocity mixed-beam solutions are accompa- 
nied by upstream electron currents, the ion accelerator  must be able t o  
withstand electrons bombarding the exi t .  The A-D pr inc ip le  is  a l so  
usefu l  f o r  preventing harm t o  the ion accelerator  due t o  t h i s  e lectron 
bombardment, because the  electrons w i l l  be unable t o  pass through the  
f i e l d  of the  accelerat ing electrode and reach the  ion source. 

A possible l i m i t  on neutral izat ion i s  imposed by thermal motion of 
electrons.  The analysis  indicated an upper l i m i t  f o r  t h e  temperature of 
t h e  electron source f o r  each value of spec i f ic  impulse, although t h e  
thermal poten t ia l s  involved a re  small and the  ana ly t i ca l  r e s u l t s  may not 
agree with experimental findings. 
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LE - v2 
v - 

0 
.Ol 
.02 
.05 
.10 

.15 

.20 

.25 

.30 

.35 

.40 

.45 

.50 

.55 

.60 

. 6 5  

.70 

.75 

.80 

.85 

.90 

.95 
1.0 
1.1 
1.2 

1.3 
1.4 
1.5 
1.6 
1.7 

1.8 
1.9 
2.0 
2.1 
2.2 

2.3 
2.4 
2.5 
2.6 
2.7 

2.8 
2.9 
3.0 
3.1 
3.2 

3.3 
3.4 
3.5 
3.6 
3.7 

3.8 
3.9 
4 .0 
4.5 
5.0 

5.5 
6.0 
6.5 

,772 
,589 
,522 
.401 
,283 

,202 
,141 
,091 
,049 
,013 

,9812 
,9529 
,9273 
,9040 
.a827 

,8131 
,8449 
.a280 
.a122 
.7974 

,7835 
.7703 
.7579 
.7349 
.7140 

,6951 
,6775 
,6614 
.6465 
.6325 

.6195 
,6074 
,5959 
.5851 
,5749 

,5652 
,5560 
.5473 
.5390 
,5312 

.5236 

.5163 

.5093 

.5026 

.4962 

,4901 
.4841 
.4784 
.4729 
.4676 

,4625 
.4575 
,4527 
,4308 
.4118 

.3952 
,3804 
,3672 

TABLE I .  - CONCLUDED. CHARGE AND CLIRRENT PARAMETERS FOR A 

MAXWELLIAN DISTRIBUTION OF I N I T I A L  V E L O C I T I E S  

(b) T r a n s m i s s i o n  s i d e  

0 
,016 
.032 
.076 
.143 

,205 
,263 
.319 
.372 
,424 

,474 
,522 
,569 . El5 
,660  

,702 
.746 
,788 
.829 
.869 

.908 

.947 

.985 
1.060 
1.132 

1.202 
1.271 
1.338 
1.404 
1.468 

1.711 
1.769 

2.045 

2.589 
2.635 
2.680 
2.901 
3.111 

3.313 
3.507 
3.694 

0 
.156 
.231 
.371 
,533 

.661 

.771 

.869 

.959 
1.044 

1.123 
1.198 
1.273 
1.339 
1.405 

1.470 
1.532 
1.592 
1.651 
1.709 

1.765 
1.820 
1.874 
1.979 
2.080 

2.178 
2.274 
2.367 
2.457 
2.545 

2.632 
2.717 
2.800 
2.882 
2.963 

3.042 
3.120 
3.197 
3.272 
3.346 

3.420 
3.493 
3.565 
3.636 
3.706 

3.776 
3.845 
3.913 
3.981 
4.048 

4.114 
4.179 
4.244 
4.562 
4.868 

5.163 
5.451 
5.730 

1 E  '2 
V 
- 

7 .O 
7.5 
8.0 
8.5 
9.0 

9.5 
10. 
11. 
12. 
13. 

14. 
15. 
16. 
17. 
18. 

19. 
20. 
25. 
30. 
35. 

40. 
45. 
50. 
55. 
60. 

65. 
70. 
75. 
80. 
85. 

90. 
95. 
100. 
110. 
120. 

130. 
140. 
150. 
160. 
170. 

180. 
190. 
200.  
250. 
300. 

350. 
400. 
450. 
500. 
550. 

600. 
650. 
700. 
750. 
800. 

850. 
900. 
950. 
1000. 

1.3553 
.3445 
.3347 
,3256 
.3173 

.3095 
,3023 
.2893 
,2779 
.2677 

.2586 

.2503 

.2428 

.2359 

.2296 

.2238 

.2184 

.1962 

.1797 

.1667 

,1562 
,1475 
.1400 
.1336 
.1280 

.1231 
,1187 
.1147 
,1111 
.lo78 

,1048 
.lo21 
,09951 
.09492 
.09091 

,08735 
,08422 
.08138 
.07881 
.07647 

.07433 

.07230 

.07054 

.06312 

.05764 

,05338 
.04994 
,04708 
.04468 
.04259 

.04079 

.03921 

.03777 
,03649 
.03533 

.03428 
,03331 
.03243 
.03161 

'1E-'2 
c v  v 

3.874 
4.049 
4.219 
4.384 
4.545 

4.705 
4.854 
5.150 
5.434 
5.706 

5.969 
6.224 
6.470 
6.707 
6.942 

7.169 
7.390 
8.423 
9.361 
10.23 

11.03 
11.79 
12.51 
13.19 
13.85 

14.47 
15.08 
15.66 
16.23 
16.82 

17.31 
17.82 
18.33 
19.30 
20.23 

21.12 
21.98 
22.80 
23.60 
24.38 

25.13 
25.87 
26.58 
29.91 
32.92 

35.70 
38.27 
40.70 
42.99 
45.17 

47.25 
49.25 
51.18 
53.03 
54.83 

56.57 
58.26 
59.90 
61.50 

6.003 
6.269 
6.530 
6.786 
7.037 

7.284 
7.526 
8.000 
8.461 
8.911 

9.350 
9.779 
10.20 
10.61 
11.02 

11.42 
11.81 
13.70 
15.48 
17.17 

18.80 
20.37 
21.89 
23.37 
24.81 

26.22 
27.60 
28.95 
30.28 
31.58 

32.87 
34.14 
35.38 
37.82 
40.20 

42.53 
44.82 
47.07 
49.28 
51.45 

53.58 
55.68 
57.75 
67.72 
77.18 

86.23 
94.95 
103.4 
111.6 
119.6 

127.4 
135.0 
142.5 
149.9 
157.1 

164.2 
171.7 
178.1 
184.9 
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Figure 1. - %lutions for  the acceleration region with an i n i t i a l  Maxwellian velocity 
dis t r ibut ion of emitted par t ic le  velocities. 
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Figure 2. - External deceleration solutions with zero 
e l e c t r i c  f i e l d  a t  neut ra l iza t ion  plane. 
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Figure 3. - Ratio of maximum electron po ten t i a l  d i f -  
ference t o  idea l  potent ia l  difference as function 
of thermal po ten t i a l  r a t i o  for a mixed electron-ion 
beam. 
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